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quence of the pure-component reduction parameters which 
are chosen for the SCF additive. These reduction param- 
eters are probably very temperature sensitive. Further 
modeling work which accounts for the temperature sen- 
sitivity of these parameters is being performed for the 
mixtures investigated in this study. 

Conclusion 
We have presented new experimental data on the 

high-pressure phase behavior of various polymer solu- 
tion-SCF mixtures. The results from this study indicate 
that adding an SCF additive to a polymer-organic solvent 
mixture causes the LCST curve to shift to much lower 
temperatures. In some cases the LCST and UCST curves 
merge. Hence, polymer can be recovered from solution at 
very moderate temperatures by introducing an SCF ad- 
ditive to the mixture. 

The T(LCEP) can be correlated to the critical temper- 
ature of the solvent or SCF solvent mixture. The phase 
behavior data can also be qualitatively explained by using 
the corresponding states model of Patterson. Although 
Patterson’s model offers physicdy satisfying explanations 
for the phase behavior observed in this study, physically 
unrealistic values for one of the model parameters are 
needed to correlate the data. The further attempts are 
being made to make the model suitable for engineering 
calculations. 
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Behavior of Elastomer Networks in Moderately Large 
Deformations. 1. Elastic Equilibrium? 
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ABSTRACT An elastic potential of the form W = (Gx/2)(h12 + ”2.” + A: - 3) + ( 2 G ~ / m ~ ) ( X l ~  + Xzm + ham 
- 3) is proposed, where Gx is the modulus associated with the chemical cross-links of the network, G N  is the 
modulus contribution arising from the presence of topological constraints, and m can be taken as 0.34. The 
moduli are linked by the relation Gx + GN = G, where G is the shear modulus. The constitutiveness of this 
potential is demonstrated on published data in general biaxial deformation of natural rubber. Some of our 
own data on natural and styrene-butadiene rubber cross-linked to different degrees are also discussed. The 
nature of G N  has been studied on published data on several different swollen networks. 

Introduction 
The basic laws of motion, conservation of mass, balance 

of momenta, conservation of energy, and principle of en- 
tropy, valid for all types of continuua, do not form a 
complete set of equations to describe the response of a 
material to a mechanical excitation. It is necessary to 
complement the set with constitutive equations that 

This paper is dedicated to Pierre Thirion on the occasion of his 
retirement. 

characterize the material response. 
Though largely arbitrary in form, constitutive equations 

are subject to the restrictions of the constitutive the0ry.l 
To formulate a constitutive equation valid for all types of 
materials is a useless task because, due to the generality 
of such an equation, it would have to contain too many 
experimentally determined parameters. It is more expe- 
dient to group materials into various classes and find a 
constitutive equation for each class. 

Because of their novel characteristics and easy proces- 
sibility, polymeric materials are being used in increasing 
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amounts instead of conventional materials. For design 
purposes it is necessary to be able to predict the defor- 
mation properties of these materials under given condi- 
tions. The theories of linear elasticity and linear viscoe- 
lasticity are exact theories that describe the equilibrium 
and time-dependent properties of polymeric materials 
when they undergo infinitesimal deformations. In appli- 
cations, however, the deformations are not infinitesimal, 
and it is therefore necessary to be able to predict their 
behavior in finite deformations. 

Most cross-linked polymers in the rubbery state are 
capable of large deformations vastly exceeding those of 
other elastic materials. Elongations of 300-400% are not 
uncommon with rubber networks. Due to this charac- 
teristic, they have been termed hyperelastic materials. 

To describe the equilibrium stress-strain behavior of 
hyperelastic materials, two paths are available for the 
formulation of an elastic potential valid for large defor- 
mations. Either the small-scale response of the polymer 
chains to a given macroscopic excitation is assumed to be 
known, and one then describes the material response using 
the methods of statistical mechanics, or one proposes a 
potential consistent with the axioms of constitutive theory 
and the available experimental data and then tries to in- 
terpret the molecular nature of the phenomenological 
coefficients. This is needed to understand the region of 
validity of the equation and to enable one, eventually, to 
design a material for a given application. 

A potential is commonly called constitutive when it does 
not violate any of the principles of continuum mechanics. 
Many potentials which are constitutive in this sense are 
restricted to certain types of deformations. We call a 
potential constitutive in the narrower sense when it ap- 
pears to describe the mechanical properties of the network 
with the same material parameters in any deformation. 
This will be discussed separately further below. 
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(2) 

where vx is the number of chains between cross-link points 
per unit volume, and 1c, is the functionality of the junction 
points. It is also possible to consider the junction points 
to be firmly imbedded in the polymer matrix (see, e.g., 
Flory2). In this case they do not fluctuate and their dis- 
placements, not the mean positions of the junctions, are 
affine in the macroscopic strain. The structure factor is 
then simply given by F = vx and the stress resulting from 
a given strain in an elastomer becomes 

(3) 

This prediction appears to overestimate the stress, at least 
in the case of natural and styrene-butadiene rubber (see 
the discussion following eq 13) even in only moderately 
large deformations. In simple tension we consider a de- 
formation to be moderately large if the principal stretch 
ratio remains below the inflection point in a plot of the 
nominal stress vs. the ratio. We will give a more general 
description further below. 

More recently, Flory4 and Flory and Erman5 proposed 
a new statistical mechanical theory which is based on the 
idea that the fluctuations of the junction points are af- 
fected by various topological constraints but are inde- 
pendent of the strain. According to this theory, only the 
mean positions of the junction points are affine in the 
macroscopic strain. The stress resulting from a given strain 
is expressed as the sum of two additive terms. The first 
models the displacement of the mean positions of the 
junction points and has the form given by eq 3. The 
second term accounts for the severity of the constraints 
which affect the fluctuations of the junction points. The 
form of the complete equation is too lengthy to be repro- 
duced here, but is is important to point out that the second 
term is evaluated by using statistical mechanical methods 
and contains one adjustable parameter which characterizes 
the severity of the topological constraints. We shall refer 
to this theory as the Flory-Erman theory. 

Phenomenological Equations in Terms of the 
Invariants of the Deformation Tensor 

One can formulate a constitutive equation phenome- 
nologically for large equilibrium deformations of hypere- 
lastic materials by postulating the existence of a strain 
energy density function (reversible work of deformation), 
W, from which the stress is derivable. The most general 
constitutive equation for equilibrium deformations of an 
initially isotropic, homogeneous, incompressible material 
has been derived by Rivlin6 and also by Arian0.I It con- 
tains no assumptions other than the ones stated above. 
The Rivlin-Ariano equation has the form 

F = vx(1 - 2/+) 

ii = vXRT(X2 - 1 / X )  

Molecular Theories of Rubber Elasticity 
The isothermal stress-strain behavior in finite defor- 

mation of an elastomer in mechanical equilibrium can be 
formulated by modeling the elastomer as a network of 
freely jointed chains. The distribution of the displacement 
length (end-to-end distance) of a chain is normally con- 
sidered to be Gaussian in the undeformed state. The 
chains are allowed to pass through each other without 
hindrance, constituting what is now commonly known as 
a phantom network. The stress resulting from a given 
elongation then is the result of a decrease in the free energy 
of the hypothetical network. Imperfections in the network 
structure, such as terminal (dangling) chain ends, loops, 
and entanglements, are not considered to alter the form 
of the elastic potential. The equilibrium stress resulting 
from an elongation is then given by 

(1) 
where 8 is the Cauchy stress based on the deformed 
cross-sectional area, F is a structure factor, X is the stretch 
ratio in the direction of the pull, R is the gas constant, and 
T is the absolute temperature. The derivation and the 
thermodynamic implications of eq 1 have been discussed 
in detail by Flory.2 

The form of the structure factor results from specific 
assumptions made about the microscopic movement of the 
junction points of the network. In the theory of James and 
Guth3 the displacements of the mean position of the 
junction points become affine in the macroscopic strain 
and the fluctuations about the junction points are inde- 
pendent of the strain. The structure factor can then be 
expressed as 

ii = RTF(X2 - 1 / X )  

in indicial notation, where i ikl  is the Cauchy stress tensor, 
Bkl is the Finger deformation tensor, (B-l)kl is its inverse, 
and P is an arbitrary hydrostatic pressure required by the 
assumption of incompressibility. Il is the first and I2 is 
the second invariant of the deformation tensor. Thus, if 
W is known, one can describe the equilibrium deformations 
of rubberlike materials using the Rivlin-Ariano equation. 
W is most commonly expressed in terms of the invariants 
of the deformation tensor for a material that is homoge- 
neous, initially isotropic, and incompressible. The as- 
sumption of incompressibility requires that the third in- 
variant be unity. If W is now expanded around the 
undeformed state of the material in a Taylor series, one 
obtains 
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confirmed eq 12 experimentally. 
Most of the well-known nonlinear strain measures can 

be subsumed in a strain energy density function of the 
form 

W = (2G/n2)(Xl" + X2" + X3" - 3) (13) 

where n is allowed to take on any integer value between 
-2 and 2. With n = 2, eq 13 reduces to the so-called 
neo-Hookean potential from which eq 10 follows at once. 
Equation 13 with integer values was first proposed by 
Seth.13 It was later generalized by allowing n to be a 
material parameter,14 which can take nonintegral values. 
Ogden15 used three terms of this same form to describe the 
behavior of rubbers in large tensile deformations, up to 
break. When one allows n to be a material parameter, 
none of the axioms of the constitutive theory are violated.16 
Hence, from the point of view of continuum mechanics, 
eq 13 is a valid constitutive equation. Equation 13 has 
been shown by Blatz, Sharda, and Tschoegl14 to be con- 
stitutive in the narrower sense for a styrene-butadiene 
rubber (SBR), and for natural rubber (NR), below the 
upswing region. Henceforth, we shall call eq 13 the BST 
potential for convenience. 

2NW Potential 
Although the BST potential is a valid constitutive 

equation, the parameter n appears to be difficult to in- 
terpret molecularly. Tschoegl" proposed a related elastic 
potential which is based on the assumptions that (1) a 
cross-linked polymer can be modeled as consisting of two 
networks-the phantom and the constraint networks, (2) 
the contribution of the two networks to W is additive, and 
(3) the stress-strain behavior of the phantom and the 
constraint networks can be described by the neo-Hookean 
and BST potentials, respectively. 

The first network characterizes the effect of the change 
in the mean positions of the chemically cross-linked 
junction points. This network is called the phantom 
network. The chains in the phantom network can freely 
pass through each other and have no physical character- 
istics such as volume. Junction points can fluctuate freely 
about their mean positions. The modulus associated with 
the phantom network is denoted as Gx. Its stress-strain 
behavior is neo-Hookean. 

The second network will be called the constraint net- 
work. It models the effects of the physical nature of the 
polymer chains, which causes the fluctuations of the 
junction points to be different from their phantom coun- 
terparts. The constraint network can be modeled as if it 
were held together by equivalent cross-links and may be 
considered to have a modulus GN associated with it. 

On the basis of these assumptions the most general form 
for the strain energy density function W can be written 
as 

m 

w = cij(l1 - 3)i(z2 - 3)J ( 5 )  
i j = O  

where Cij are the phenomenological coefficients. The two 
invariants of the deformation tensor are given by 

I1 = X12 + A22 + X,2 (6) 

(7) 

in terms of the stretch ratios. The fact that W must be 
zero for an undeformed material imposes the restriction 
that Coo = 0. Once a form for W is known, the stress 
resulting from a given deformation characterized by the 
three principal stretch ratios X1, X2, and X3 (i.e., the positive 
square roots of the eigenvalues of the deformation tensor) 
can be obtained as 

(8) 

where ai is the Cauchy stress in the ith principal direction. 
The assumption of incompressibility further relates the 
three stretch ratios by the equation 

I2 = 1 / X 1 2  + 1 / X $  + 1 / X 3 2  

ai = Xj(dW/dXj)  - P i = 1, 2, 3 

XlX2X3 = 1 (9) 
Thus, only two of the three stretch ratios can be specified 
independently. Note that eq 8 is identical with eq 4. 

If one keeps only the first term of eq 5, then eq 6-9 
would yield 

(10) 

for simple tension, where X1 is the stretch ratio in the 
direction of the pull, s1 is the corresponding Cauchy stress, 
and a2 is zero since the boundary normal to the direction 
of the pull is a free boundary. It is apparent that 2ClO = 
G, the shear modulus, because of the requirement that the 
results of linear elasticity should be reproduced as X1 - 
1. It can be seen that eq 10 is identical with eq 1 letting 

Mooneye proposed an extension of eq 10 by postulating 
that a plot of i i /(X2 - X-l) vs. 1 / X  is linear in simple tension, 
and Hooke's law is obeyed in simple shear. Mooney's 
equation, which is commonly referred to as the Mooney- 
Rivlin equation, has the form 

81 - i i 2  = 2Cl(X12 - l / X J  + 2C2(X1 - 1 / X , 2 )  (11) 

for simple tension, where Cl and C2 are the phenomeno- 
logical coefficients. It is required that 2C1 + 2Cz = G. 
Equation 11 can be derived with C1 = Clo and C2 = Col, 
by retaining the first two terms of eq 5. It shows good 
agreement with experimental data in simple tension, but 
it does not do so constitutively. In other words, if one 
estimates the values of C1 and C2 from simple tension data, 
and predicts the results for a different mode of deforma- 
tion, the predictions do not fit the data. 

Phenomenological Equations in Terms of the 
Stretch Ratios 

Later workers in the field abandoned the idea that W 
is most easily formulated in terms of the invariants of the 
Finger deformation tensor and expressed it in terms of the 
stretch ratios. 

Carmichael and Holdaway: Mooney,lo and Valanis and 
Landell' concluded, on the basis of certain symmetry ar- 
guments, that W should be the same function of the three 
stretch ratios. Thus, W should have the form 

(12) 

for a homogeneous, initially isotropic, incompressible 
rubber. Valanis and Landel" and Kawabata et a1.12 have 

ii, - 5 2  = 2ClO(X12 - l/&) 

2C10 = RTF. 

w = w(h,) + w(X,) + 2 4 x 3 )  

w = -(X12 GX + x22 + x,2 - 3) + 
2 

where the A's are the three principal stretch ratios, and m 
is the nonlinear strain parameter of the BST potential. We 
use m = 0.34 because it closely approximates the strain 
function we obtain from a molecular theory which we will 
discuss elsewhere.lB This reduces the unknown parameters 
to two, and they occur linearly in the model. This is 
convenient when treating experimental data. We will 
name the potential represented by eq 14 the 2NW (or 
two-network) potential. To investigate the validity of the 
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11 - 
Figure 1. Region of admissible deformations for an incom- 
pressible material. 

above assumptions, we will show that eq 14 predicts the 
stress-strain behavior of rubber networks constitutively, 
in the narrower sense, and is able to predict swelling be- 
havior correctly. The problem of constitutiveness will be 
addressed first. 
Constitutiveness in the Narrower Sense 

In continuum mechanics, any equation that does not 
violate the axioms of constitutive theory' is a valid con- 
stitutive equation. In a stricter sense, a constitutive 
equation must represent material response to any mode 
of deformation with the same set of phenomenological 
coefficients. The Flory-Erman theory as well as the BST 
and 2NW potentials discussed earlier appear to meet this 
requirement. The 2NW potential is attractive, because 
it has only two linear material parameters. 

It can be shown16 that, for an initially isotropic, homo- 
geneous, and incompressible material, all possible defor- 
mations lie in the wedge-shaped region of the I1Jz plane 
shown in Figure 1. Uniaxial tension and equibiaxial 
tension form the boundaries of this region, pure shear 
being the straight line with unit slope. Deformations 
outside of this wedge-shaped region are not admissible. 
The whole region inside the wedge can be covered ex- 
perimentally by biaxial tension experiments in which two 
dimensions of a rectangular piece of material are changed 
independently, leaving the third dimension stress-free. 
Therefore, it is possible to cover all deformations that an 
incompressible material can undergo by performing biaxial 
tension measurements covering the whole range from 
simple tension to equibiaxial tension. If a proposed 
equation can describe such experiments with a single set 
of material parameters, the equation will very likely be 
constitutive. We emphasize that it is not possible to prove 
constitutiveness in the narrower sense; it is only possible 
to disprove it. One can, however, gather sufficient evidence 
from biaxial tension measurements to support the con- 
stitutiveness of an equation in the narrower sense. 

When eq 14 is used in the Rivlin-Ariano equation, one 
obtains the true normal stress difference as 

Kawabata et al. have performedle general biaxial tension 
measurements on natural rubber cross-linked with dicumyl 

a5 I 

a2 0.8 1.0 1.4 1.8 
6, ( At- A i  ) (Zen/.) ( A: - A; ) 

Figure 2. Data on NR compared with the predictions of the 2NW 
potential. 
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Figure 3. Predicted behavior of the derivative of the strain energy 
density function, W. 

peroxide. Their data are plotted in Figure 2. The axes 
were chosen so that the theoretical predictions, as indicated 
by eq 15, would lie on the straight line with unit slope. The 
two moduli, Gx and GN, were obtained from simple tension 
data. As can be seen from the figure, agreement between 
experiment and theory is excellent. Some of the general 
biaxial tension data were left out of the figure for clqity, 
but the agreement for those is just as good. 

Using eq 14 and 4, one obtains 

1 X,2(au - Bo) X;(a, - a@) 

h,2 - x,2 x,2 - x,2 
- 

a, P, Y = 1, 2, 3 (16) 

aw 2- = - 

1 au - a@ a, - a@ 
xu2 - h,2 hY2 - x,2 
--- 

a, P,r = 1, 2, 3 (17) 

where the stress differences are given by eq 15. Figures 
3-6 show the contour plots of d WpI,, and a Wp12 vs. Il 
and 12. The general shapes of the curves at  large Il and 
Iz are in agreement with those shown by Kawabatam et al. 
They observe rather complex behavior for these contours 
a t  infinitesimal deformations which are not reproduced by 
our theory. We would like to point out that a WlaI, and 
a W/a12 have meaning only in large deformation theory. 



684 Tschoegl and Gurer 

0.10 - 
n 

B 

3 
. 
1 

U . r - 0.05 

Macromolecules, Vol. 18, No. 4 ,  1985 

- 

. 

I I 

z 0.6 
.---2_ - - 0.8- 

- 1.0 - 

11-11 
0 .2  ;N 1 12 1 11=9 

I = 5  I =7 

- 

c 
0.6 

------- 
0.8 

_____2___ 

m 1.0 

--1 
10 15 20 25 

' *  
Figure 4. Redicted behavior of the derivative of the strain energy 
density function, W. 

I " " " " '  
\ 1 - 5  

o.15/ < 

1- 
-\- - 0 . 4  I 

0.05 t 
t- . --------% 

N 
1.0 
- 

0 . 8  

0 . 6  

0 . 4  

0.2 

1 

I 

0.001 
5 10 15 20 25 30 

' 2  

Figure 6. Predicted behavior of the derivative of the strain energy 
density function, W. 

Values corresponding to infinitesimal deformations must 
be obtained from extrapolation of large deformation data 
and are critically dependent on experimental accuracy in 
small extensions. Unfortunately, data in that region are 
subject to the largest experimental error. Therefore, the 
discrepancy between the contours given by our theory and 
Kawabata's experimental contours is not critical. 

Figure 3 shows plots of d W/dIl vs. Zl for various constant 
values of Z2 for representative values of pN. Here i jN is the 
ratio GN/G. The various values of this parameter repre- 
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- 
0.1 . 25'C 
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h ( 4  
Figure 7. Equilibrium data on NR networks with varying 
cross-link densities compared with the predictions of the 2NW 
potential. 

sent different materials, ijN = 0 corresponding to a material 
whose stress-strain behavior is neo-Hookean, and BN = 1 
corresponding to an un-cross-linked rubber. In most 
phenomenological theories, it is assumed that dW/dZl is 
constant with Zl independent of Z2. As can be seen from 
the figure, dW/dIl as given by the 2NW potential varies 
linearly with I, but it is not independent of Z2. The var- 
iation with Z, is small but it is nonzero for ijN = 0. The 
dependence of dW/dZl on Z, is shown in Figure 4. 

Figure 5 shows the variation of dW/dZ2 with Zl for 
various constant values of Z2. I t  is usually assumed that 
this quantity is independent of Zl and is constant with Z2. 
It is apparent from the figure that the predicted behavior 
of d WIN2 is very complex with respect to the invariants. 
Clearly, if the 2NW potential describes observed behavior, 
the Mooney-Rivlin equation cannot be a valid constitutive 
equation. Figure 6 shows the variation of dW/dZ2 with Z2 
for various constant values of I,. 
Cross-Link Density 

Figure 2 strongly supports the constitutiveness, in the 
narrower sense, of the 2NW potential. We now proceed 
to probe the nature of the phenomenological parameters. 
For that purpose natural rubber networks were prepared 
by cross-linking them to various degrees with dicumyl 
peroxide. The cross-linking conditions were chosen on the 
basis of the work of Lorenz and Parks.21 The networks 
were tested in simple tension by using a floor model instron 
tensile tester. The specimens prepared from the networks 
were end-bonded to copper U-tabs to minimize problems 
with clamping. A large aspect ratio was used to minimize 
end effects. 

Applied to simple tension, eq 15 yields 
CM = G x  + GN'P~(X)  (18) 

where ON is the Mooney stress given by 

and pm(h) is given by 
cpm(X) = 2(Xm - W2)/m(X2 - x-2) (20) 

These equations follow from eq 15 with $2 = 0, Xl = A, and 
X2 = X3 = h-lI2. Figure 7 shows the experimental data 
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in detail the importance of the study of swollen networks, 
and their topological environment. We demonstrate that 
the parameters of the 2NW potential required to describe 
the behavior of dry networks serve equally to describe the 
behavior of swollen networks. This implies that the effect 
of an inert solvent is merely a dilution effect and that the 
nature of the topological constraints is not altered in 
swelling. In conclusion, we discuss these implications. 

The strain energy density function, W ,  for unit volume 
of unswollen rubber is given by eq 14. Equation 14 applies 
to swollen networks as well as dry networks. However, to 
describe the stress-strain behavior of swollen networks, 
one needs to alter the reference state from the unswollen, 
undeformed state to the swollen, undeformed state. To 
that end, let u2 denote the volume fraction of the polymer 
in the swollen state, and W,, denote the strain energy 
density function per unit volume of swollen rubber. Then 

w,, = u,w (21) 

and 

I I I I I - 
semplc 'ex('@.) ',I('@.) 
SIR 6 0.096 0.266 
SBR 2 0.080 0.232 
SBR 4 0.006 0.234 
SIR 3 0.00 0.113 

SIR 6 

SBR 2 

SBR 4 

SIR 3 
8 0.M 

1 I I I I I 

0.5 0.6 0.7 0.0 0.9 

6 4 4  
Figure 8. Equilibrium data on SBR networks with varying 
cross-link densities compared with the predictions of the 2NW 
potential. 

plotted according to eq 18. The straight lines are the lines 
of best fit. A value of m = 0.34 was used as mentioned 
earlier. The lines for these samples are almost parallel to 
each other, indicating that GN is nearly the same for these 
networks. 

Similar results are shown in Figure 8 for SBR networks 
cross-linked to various extents with dicumyl peroxide. 
Once again the lines of best fit to the data, for the three- 
cross-linked samples, are parallel to each other, indicating 
that GN is again the same for all of the networks. This 
point will be discussed in detail later. 

We have produced evidence in support of the constitu- 
tiveness of the 2NW potential in the narrower sense. It 
is capable of explaining the data on networks cross-linked 
to various extents. The second term of the potential ap- 
pears to be independent of the degree of cross-linking. 
This supports the assumption of additivity of the moduli 
as a plausible one. 

Swelling of Elastomeric Networks 
Swelling has been used for a long time to study the 

structure of polymeric networks. The stress-strain be- 
havior of swollen networks in a uniaxial deformation is 
frequently analyzed by using the Mooney-Rivlin equation. 
The most important observation then concerns the Moo- 
ney constant, 2C2. This decreases with increasing swelling 
ratio, eventually becoming zero. Therefore, it has com- 
monly been held that the values of the phantom modulus, 
2C1, obtained from extrapolation of swollen stress-strain 
data are closer to the modulus calculated from the chemical 
constitution of these networks than 2C1 obtained on the 
dry networks. 

In this section we interpret the stress-strain behavior 
of swollen networks using the 2NW potential. We discuss 

Equation 14 then becomes 

GX W,, = -u21/3(a12 + a? + a: - 3) + 
2 

2GN~2-(m-3)/3(alm + a2"' + a3"' - 3) (23) 
m2 

the a's being the stretch ratios referred to the swollen, 
undeformed lengths. Using the Rivlin-Ariano equation, 
and the condition of incompressibility, one obtains 

B = G u 1/3(a12 - al-l) + 3 1 : 2 - ( m - 3 ) / 3 ( a l m  - a l -m/2)  
m x 2  

(24) 

for the true stress B in simple tension. The symbol 8 has 
been used to denote the quantity B~ - 82, since in simple 
tension, 82 is zero. It is customary to report the nominal 
Mooney stress f" when relating the results of stress-strain 
measurements. One can obtain the appropriate expression 
for f" from eq 5 by converting the swollen to the unswollen 
area and dividing by the factor a2 -a-l. Thus 

where A is the unswollen, undefonned cross-sectional area, 
and f is the force acting on it. Both eq 24 and 25 describe 
the behavior of swollen networks in a uniaxial deformation, 
if the solvent is inert; i.e., it does not interact with the 
polymer chains to change their configuration, but acts 
merely as a diluent. 

Figure 9 shows the data of Allen22 et al. on natural 
rubber (NR) networks swollen in n-decane. The solid lines 
show the predictions of eq 25. The parameters of the 
two-network potential, Gx and GN, were obtained from 
stress-strain measurements on the dry network as Gx = 
0.107 MPa and GN = 0.144 MPa. The value of m = 0.34 
was used for all predictions. As can be seen from the 
figure, the predictions of the theory are excellent for the 
first three volume fractions, u2 = 1.00,0.798, and 0.61. For 
up = 0.42 and u2 = 0.36, the predictions are fair but not 
as good. For up = 0.24 the agreement becomes rather good 
again. 

Figure 10 shows the data of Flory and Tatara23 on 
poly(dimethylsi1oxane) (PDMS) networks swollen in 
benzene. The experiments were made at constant solvent 
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Figure 9. Stressatrain behavior of a swollen network, compared 
to the predictions of the 2NW potential. 
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Figure 10. Stressatrain behavior of a swollen network, compared 
to the predictions of the 2NW potential. 

activity rather than constant composition. Again the two 
parameters of the 2NW potential were obtained from the 
data on the dry network, and a value of m = 0.34 was used. 
The moduli were obtained as Gx = 0.056 MPa and GN = 
0.149 MPa. 

Figure 11 shows data of Yu and Mark24 on a PDMS 
network swollen to the same volume fraction in three 
different diluents. The points in Figure 11 were calculated 
by using the values of 2C, and 2C2 reported by Yu and 
Mark." At  u2 = 0.80 the data points for all three diluents 
lie on the same curve. At u2 = 0.60, differences between 
the three diluents become apparent. 

Figure 12  shows the data of Erman and F10ry~~ on 
poly(ethy1 acrylate) (PEA) networks swollen in bis(2-eth- 
oxyethyl) ether at 25 "C. The experiments were made on 
networks cross-linked to different degrees which were then 
swollen to  equilibrium. The open circles are the experi- 
mental points for dry networks, and the closed circles are 
the experimental points for the swollen networks. The 
solid lines show the predictions of eq 24 with m = 0.34, 
and the two moduli obtained from the dry network 
stress-strain data. The agreement is seen to be very good. 
It should be pointed out here that Flory and E r m a E  have 
examined the same data using the Flory-Erman theory. 
The value of the phantom modulus they obtain from their 
analysis is always larger than our Gx, even though both 
values are supposed to represent the same quantity, the 
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Figure 11. Stressatrain behavior of a PDMS network swollen 
in different solvents. 
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Figure 12. Stressatrain behavior of PEA networks cross-linked 
to different degrees swollen to equilibrium. Solid lines are the 
predictions of the 2NW potential. 

phantom network contribution to stress. We cannot ad- 
dress the reason for this difference at present but hope to 
do so in a later publication. 

If we look at  Figures 9-12 again, it is clear that the 
agreement of experimental data on swollen networks with 
the predictions of the 2NW potential is quite satisfactory 
at  relatively small degrees of swelling but is generally not 
as good at  smaller values of u2. Such a behavior would be 
expected from a concentration dependence of the Flory- 
Huggins x1 factor. However, a reviewer pointed out to us 
that such an explanation would require the chain config- 
uration and its interaction with the diluent to be coupled 
and that this is not supported by experimental evidence. 
We cannot offer an alternative explanation at  this time. 
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Conclr 1s 

We demonstrated the constitutiveness, in the 
narro1 ise, of the 2NW potential. We have shown 
furthc it represents data on networks of varying 
cross- 1 nsities adequately, with a GN that is sensibly 
indep I of the degree of cross-linking. 

We ilso examined the stress-strain properties of 
swoller Norks. When the degree of swelling is not too 
high, pt neters obtained from the dry network by the 
2NW PO :ntial adequately describe the stress-strain be- 
havior of swollen networks. This implies that, when a 
network is swollen, the topological environment around 
the network chains is not altered. The effect of the 
neighboring chains on a given network chain is diminished 
due to dilution only and is not changed in character. This 
observation casts doubt on the existence of trapped en- 
tanglements because, once swollen, their nature as well as 
their concentration would change, 
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Behavior of Elastomer Networks in Moderately Large 
Deformations. 2. Determination of the Parameters of the Elastic 
Potential from Measurements in Small Deformations 
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ABSTRACT The proposed elastic potential is completely determined by two moduli, Gx and GN. Their 
sum is the equilibrium modulus, G, which can be obtained from stress relaxation measurements on the 
cross-linked material, in the linear region. It is shown that GN is proportional to  GNo, the plateau modulus 
of a high molecular weight un-cross-linked sample of the same polymer. The proportionality constant appears 
to be independent of the cross-link density and of the nature of the polymer. Its best current estimate is 
0.354. 

Introduction 

elastic potential of the form 
W =  

In two previous communications,’P2 we proposed an 

This potential was shown to be highly successful in de- 
scribing arbitrary deformations (general biaxial tension) 
of rubberlike materials, if the deformations are moderately 
large, i.e., if they are restricted to the region below the 
upswing in a plot of the stress vs. the largest principal 
stretch ratio. 

The potential contains three material parameters. Of 
these, the strain parameter m was originally left to be 
determined by experiment. Elsewhere,, however, we 
presented arguments which led to the adoption of a 
“universal” value of 0.34 for m. Of the remaining two 
parameters, Gx and Gs, the first represents the modulus 
ascribed to the presence of chemical cross-links in the 

network. The second expresses the contribution arising 
from topological constraints. The two moduli can be ob- 
tained from stress-strain experiments in simple tension 
for which eq 1 yields 

(2) UM = Gx + GNPmPm(X) 
where 

a 
(3) OM = - 

1 2  - 1-1  

In these equations X is the stretch ratio and a is the true 
stress in the direction of the stretch. The two moduli are 
linked by the additivity relation 

(5) 
in which G is the shear modulus of the material. If any 
two of the moduli G, Gx, and G N  are known, the third can 
be obtained by using eq 5. 

Gx + G N  = G 

0024-9297/85/2218-0687$01.50/0 0 1985 American Chemical Society 


